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Sequence Design for Cognitive CDMA
Communications under Arbitrary Spectrum Hole
Constraint
Su Hu, Zilong Liu, Yong Liang Guan, Wenhui Xiong, Guoan Bi, Shaoqian Li
Abstract—To support interference-free quasi-synchronous
code-division multiple-access (QS-CDMA) communication with
low spectral density profile in a cognitive radio (CR) network,
it is desirable to design a set of CDMA spreading sequences
with zero-correlation zone (ZCZ) property. However, traditional
ZCZ sequences (which assume the availability of the entire
spectral band) cannot be used because their orthogonality will be
destroyed by the spectrum hole constraint in a CR channel. To
date, analytical construction of ZCZ CR sequences remains open.
Taking advantage of the Kronecker sequence property, a novel
family of sequences (called “quasi-ZCZ” CR sequences) which
displays zero cross-correlation and near-zero auto-correlation
zone property under arbitrary spectrum hole constraint is pre-
sented in this paper. Furthermore, a novel algorithm is proposed
to jointly optimize the peak-to-average power ratio (PAPR) and
the periodic auto-correlations of the proposed quasi-ZCZ CR
sequences. Simulations show that they give rise to single-user bit-
error-rate performance in CR-CDMA systems which outperform
traditional non-contiguous multicarrier CDMA and transform
domain communication systems; they also lead to CR-CDMA
systems which are more resilient than non-contiguous OFDM
systems to spectrum sensing mismatch, due to the wideband
spreading.
Index Terms—Cognitive Radio Systems, Spectrum Hole
Constraint, Kronecker Sequence, Peak-to-Average Power Ra-
tio (PAPR), Zero-Correlation Zone (ZCZ), Quasi-Synchronous
Code-Division Multiple-Access (QS-CDMA).
I. INTRODUCTION
Cognitive radio (CR) is considered to be a promising
paradigm to provide the capability of using or sharing the
spectrum in an opportunistic manner to solve the scarcity
of available spectrum. The spectrum opportunity is defined
as spectrum holes that are not being used by the designated
primary users at a particular time in a particular geographic
area [1]-[4]. An interesting problem in CR systems is how to
support interference-free multiple access communications with
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low spectral density profile and anti-jamming capability1. To
this end, a possible approach is to employ spread-spectrum
code-division multiple-access (CDMA) using sequences with
zero-correlation zone (ZCZ) property. Here, a ZCZ refers
to a window of zero auto- and cross- correlations centered
around the in-phase timing position. Owing to this correlation
property, a quasi-synchronous CDMA (QS-CDMA) system
employing ZCZ sequences as the CDMA spreading codes is
able to achieve interference-free performance provided that
all of the received signals fall into the ZCZ [5]-[7]. In the
literature, ZCZ sequences were first proposed in [8], and have
been well developed by many researchers [9]-[12].
However, traditional ZCZ sequences cannot be applied
directly in CR systems. This is because their design generally
assumes the availability of the entire spectral band (rather
than certain non-contiguous spectral bands in a CR system as
specified by the spectrum hole constraint) for every ZCZ se-
quence2. The ZCZ property of a traditional ZCZ sequence set
will be damaged/lost if a spectrum hole constraint is imposed
by spectral nulling3. The same can be said for other traditional
sequences with good correlation properties, e.g., polyphase
sequences with ideal impulse-like auto-correlations [13]-[16].
Recognizing this design challenge, a numerical approach was
adopted by He et al to design unimodular CR sequences with
low out-of-phase auto-correlations in CR radar systems [17].
Their work was followed by Tsai et al for CR sequences with
low auto-correlations and low peak-to-average power ratio
(PAPR), using convex optimization and Gerchberg-Saxton
(GS) algorithm [18]. However, the approaches in [17] and
[18] may not be applicable for the construction of CR se-
quences with low/zero cross-correlations. Till now, systematic
construction of CR sequences with low/zero auto- and cross-
correlations remains open, to the authors’ best knowledge.
The first main contribution of this paper is an analyt-
ical construction of sequences with zero cross-correlation
zones (ZCCZs), called “quasi-ZCZ” CR sequences, for zero
multiuser interference (MUI) CR-CDMA communications. A
salient feature of our proposed construction is that the ZCCZ
property holds for every distinct pair of quasi-ZCZ sequences
1In a tactical multi-user communication environment, for instance, an
interference-free system with anti-detection and anti-jamming capabilities is
critical for maintaining a robust communication quality in a battle field.
2From now on, a sequence which satisfies the spectrum hole constraint
in a CR system is also called a “CR sequence”, to distinguish it from the
traditional sequences with no spectrum hole constraint.
3We will show this in Example 1 in Section II.B.
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regardless of any spectrum hole constraint (which may vary
with time and location). Also, a large portion of the auto-
correlations within the ZCCZ are zero except for certain small
time-shifts near the in-phase timing position. We remark that
the proposed CR sequences in this paper is different from the
sequences in our recent work [19] which are for transform
domain communication system (TDCS) based cognitive radio
networks. On the other hand, the sequences in [19] don’t
possess ZCCZ centered around the in-phase timing position.
The key idea of our proposed construction is to apply the
Kronecker product to a “seed” ZCZ sequence set and a CR
waveform set which satisfies the spectrum hole constraint,
thus enabling the use of the Kronecker sequence property [20]
to achieve the ZCCZ property under arbitrary spectrum hole
constraint. The resultant sequences feature a two-dimensional
structure in the time-frequency domains. Because of this, our
proposed construction is also referred to as a “time-frequency
synthesis”.
A second main contribution is a new numerical algorithm
to suppress the PAPR and the out-of-phase periodic auto-
correlations (in the ZCCZ) of the proposed CR sequences
without destroying their ZCCZ property. Due to the property
of the above-mentioned proposed construction, the task of
this algorithm is equivalent to generating CR sequences with
low PAPR and low out-of-phase aperiodic auto-correlations.
Different from the CR sequences in [17] with some spectral
leakage, our proposed algorithm takes a frequency-domain
approach which leads to CR sequences with zero spectral
leakage over the spectrum holes, in addition to their properties
of low PAPR and low aperiodic auto-correlations. Also, unlike
the algorithm in [18, Section IV] which directly optimizes
the aperiodic auto-correlations by solving a relaxed non-
convex problem, our proposed algorithm makes use of the
following sequence property: a sequence with low aperiodic
auto-correlations also possesses low periodic auto-correlations.
Simulations indicate that this algorithm features better sup-
pression capabilities for both PAPR and aperiodic auto-
correlations, compared with the algorithm in [18, Section IV].
Thirdly, based on the proposed quasi-ZCZ CR sequences,
a CR-CDMA scheme which consists of a maximum ratio
combining Rake receiver is presented. We examine the re-
silience against multiuser interference (MUI) and spectrum
sensing mismatch of the proposed CR-CDMA, and show that
it is capable of achieving the single-user bit-error-rate (BER)
performance in quasi-synchronous multipath fading channels.
Note that in an OFDM system, every subcarrier modulates a
distinct data stream, leading to high PAPR. This is different
from our proposed CR-CDMA system where every data sym-
bol is spread over all the available subcarrier channels. In this
sense, our proposed CR-CDMA system may be classified as
multicarrier CDMA with dynamic spectral nulling. Different
from the PAPR reduction approaches used for OFDM [21],
our proposed CR-CDMA can achieve low PAPR by sequence
optimization (as shown in Section III.B).
This paper is organized as follows. Section II gives some
preliminaries and presents the sequence design problem in
CR-CDMA systems. In Section III, we first introduce the
analytical construction of the quasi-ZCZ CR sequences (each
of which satisfies the spectrum hole constraint), then present
the numerical algorithm for CR sequences with low PAPR
and low aperiodic auto-correlation functions. In Section IV,
the proposed CR-CDMA using the proposed quasi-ZCZ CR
sequences is presented, followed by the numerical simulations
in Section V. In this end, this paper is summarized in Section
VI.
II. PRELIMINARIES AND PROBLEM DEFINITION
A. Notations and Definitions
The following notations will be used throughout this paper.
− XT and XH denote the transpose and the Hermitian
transpose of matrix X, respectively;
− ‖A‖ denotes the Frobenius norm of matrix A;
− < a,b > denotes the inner-product sum between two
complex-valued sequences a and b;
− T τ(x) denotes the left-cyclic-shift of x =
[x0, x1, · · · , xL−1]T for τ positions, i.e.,
T τ(x) = [xτ , xτ+1, · · · , xL−1, x0, x1, · · · , xτ−1]T;
− Diag[x] denotes a diagonal matrix with the diagonal
vector of x and all off-diagonal entries equal to 0;
− 1m and 0n denote a length-m all-1 row-vector and a
length-n all-0 row-vector, respectively;
− IN denotes the identity matrix of order N ;
− Denote ωN = exp
(√−12pi
N
)
.
For two length-L complex-valued sequences4
a = [a0, a1, · · · , aL−1]T, b = [b0, b1, · · · , bL−1]T,
let Ca,b (τ) be the aperiodic cross-correlation function
(ACCF) between a and b, i.e.,
Ca,b (τ) =
L−τ−1∑
n=0
anb
∗
n+τ , (1)
where 0 ≤ τ ≤ L − 1. Also, let Ra,b (τ) be the periodic
cross-correlation function (PCCF) between a and b, i.e.,
Ra,b (τ) =
L−1∑
n=0
anb
∗
n+τ = 〈a, T τ (b)〉 , (2)
where the addition n+τ in (2) is performed modulo L. Clearly,
Ra,b (τ) = R
∗
a,b (−τ). In particular, when a = b, Ca,a(τ)
will be sometimes written as Ca(τ) and called the aperiodic
auto-correlation function (AACF). Similarly, Ra,a(τ) will be
sometimes written as Ra(τ) and called the periodic auto-
correlation function (PACF).
Let A = {a1, a2, · · · , aK} be a set of K sequences, each
of length L, i.e.,
ai =
[
ai0, a
i
1, · · · , ain, · · · , aiL−1
]T
, 1 ≤ i ≤ K. (3)
Definition 1: A is said to be a (K,L,Z) zero-correlation
zone (ZCZ) sequence set if and only if it satisfies the following
two conditions:
4For ease of presentation, all sequences in this paper are in the form of
column vectors.
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1) Rai (τ) = 0 holds for any 1 ≤ i ≤ K and 1 ≤ |τ | < Z;
2) Rai,aj (τ) = 0 holds for any i 6= j and 0 ≤ |τ | < Z .
In addition, A is said to be a (K,L,Z) “quasi-ZCZ” sequence
set with zero cross-correlation zone (ZCCZ) if and only if the
second condition is satisfied.
Consider the following two length-N sequences
x = [x0, x1, · · · , xN−1]T , y = [y0, y1, · · · , yN−1]T ,
and another two length-L sequences below
d = [d0, d1, · · · , dL−1]T , e = [e0, e1, · · · , eL−1]T .
Definition 2: (Kronecker Sequence)
u = [u0, u1, · · · , uLN−1]T
and
v = [v0, v1, · · · , vLN−1]T
are called two Kronecker sequences if
uk = dl · xn, vk = el · yn, (4)
where k = lN + n, 0 ≤ l ≤ L − 1, 0 ≤ n ≤ N − 1. That is,
u = d ⊗ x and v = e ⊗ y, where ⊗ denotes the Kronecker
product operation.
Remark 1: By [20], the PCCF Ru,v (τ) between u and v
can be written as
Ru,v (τ) = Rd,e (l)Cx,y (n) +Rd,e (l+ 1)Cx,y (n−N) ,
(5)
where τ = lN + n, 0 ≤ l ≤ L− 1, 0 ≤ n ≤ N − 1.
B. Sequence Design Problem in CR-CDMA Systems
In a CR system, a spectrum opportunity is defined as the
spectral bands which are not being used by the designated
primary users at a particular time in a particular geographic
area. In this paper, we assume that the entire spectrum is
divided into N subcarriers. We further assume a “subcarrier
marking vector” S = [S0, S1, · · · , SN−1]T which gives the
status of all subcarriers. For example, the value of Sk is set
to 1 if the kth subcarrier is available; otherwise, Sk = 0.
Denote by Ω the set of all unavailable subcarrier positions,
i.e., Ω = {k | Sk = 0}. In this paper, Ω is also referred to
as a “spectrum hole constraint”. A spectrum hole constraint
is called non-trivial if |Ω| > 0. In this paper, a time-domain
sequence which satisfies a spectrum hole constraint is also
called a CR sequence.
Let {Bi}Ki=1 be a set of K length-N frequency-domain
sequences, each satisfying the spectrum hole constraint, i.e.,
Bi =
[
Bi0, B
i
1, · · · , Bik, · · · , BiN−1
]T
, 1 ≤ i ≤ K, (6)
where Bik = 0 if k ∈ Ω. Denote by FN = [fi,j ]N−1i,j=0 the
(scaled) discrete Fourier transform (DFT) matrix of order N ,
i.e.,
fi,j =
1√
N
ω−ijN , 0 ≤ i, j ≤ N − 1. (7)
Note that FN is a unitary matrix, i.e., FNFHN = IN . Thus,
the (scaled) inverse discrete Fourier transform (IDFT) matrix
of order N is FHN .
Given {Bi}Ki=1, a time-domain sequence set {bi}Ki=1 can
be obtained by
bi = [b
i
0, b
i
1, · · · , bin, · · · , biN−1]T = FHNBi.
Definition 3 (PAPR of time-domain sequence): The PAPR
of a time-domain sequence b = [b0, b1, · · · , bn, · · · , bN−1]T
is defined as
PAPR(b) =
max
0≤n≤N−1
|bn|2
(1/N)
N−1∑
n=0
|bn|2
. (8)
By this definition, the lowest PAPR of b is equal to 1 (i.e.,
0dB) if and only if all sequence elements have identical
magnitude.
Remark 2: The sequence design problem in CR-CDMA
systems is to design a set of time-domain sequences {bi}Ki=1
which satisfy the following conditions:
1) subject to a varying spectrum hole constraint (i.e., Ω).
Ideally, with zero spectral leakage over the spectrum
holes;
2) with good auto- and cross- correlation property (e.g.,
ZCZ);
3) with low PAPR values. Ideally, PAPR=0dB.
Note that given a traditional ZCZ sequence set, whenever
a non-trivial spectrum hole constraint is imposed, the ZCZ
correlation property however cannot be guaranteed. We show
this by the following example.
Example 1: Let S = [14,02,13,04,13]T be the subcarrier
marking vector. Therefore, the spectrum hole constraint is
Ω = {4, 5}∪{9, 10, 11, 12}. Consider a (K,L,Z) = (2, 16, 3)
binary ZCZ sequence set (i.e., PAPR=0dB for each sequence)
below.
z1 = [1, 1, 1, 1, 1,−1, 1,−1, 1, 1,−1,−1, 1,−1,−1, 1]T ,
z2 = [1,−1, 1,−1, 1, 1, 1, 1, 1,−1,−1, 1, 1, 1,−1,−1]T .
To impose the spectrum hole constraint, the 16-point DFT
is first applied to transform every ZCZ (time-domain) se-
quence into a frequency-domain sequence, followed by spec-
tral nulling and the 16-point IDFT. As a result, the above
ZCZ sequence set can be transformed to a new time-domain
sequence set {w1,w2} which satisfies the spectrum hole
constraint, i.e.,
w1 = FH16 ·Diag[S] · F16 · z1, w2 = FH16 ·Diag[S] · F16 · z2.
The time-domain magnitudes, PACF and PCCF between
{z1, z2} and {w1,w2} are shown in Fig. 1. For ease of
presentation, these correlation values have been normalized.
One can see that after spectral nulling, the correlation
property of {w1,w2} in Example 1 becomes unacceptable
for supporting interference-free CR-CDMA communications
due to the non-zero (non-trivial) PACFs and PCCFs within
the ZCZ. In addition, the PAPR of w1 is increased to 5.53dB.
This shows that new techniques are needed for the design of
ZCZ CR sequences which satisfy the requirements given in
Remark 2.
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Fig. 1: Time-domain magnitudes, PACF and PCCF between
{z1, z2} and {w1,w2}
III. CONSTRUCTION OF QUASI-ZCZ CR SEQUENCE SETS
In this section, we first present an analytical construction of
quasi-ZCZ CR sequences which have ZCCZ for every distinct
sequence pair, regardless of any spectrum hole constraint.
We then introduce a new numerical algorithm to further
optimize the PAPR and PACF of the proposed quasi-ZCZ CR
sequences.
A. Proposed Quasi-ZCZ CR Sequences from the Time-
Frequency Synthesis
Let A = {ai}Ki=1 be a (K,L,Z) ZCZ sequence set, where
ai =
[
ai0, a
i
1, · · · , ail, · · · , aiL−1
]T
, 1 ≤ i ≤ K. (9)
Also, let B = {bi}Ki=1 be a set of length-N time-domain
sequences obtained from the IDFT of {Bi}Ki=1 (a set of
frequency-domain sequences subject to a spectrum hole con-
straint Ω), i.e., bi = FHNBi. Construct a sequence set
C = {ci}Ki=1 (each sequence of length NL) as follows,
ci = ai ⊗ bi = ai ⊗FHNBi, 1 ≤ i ≤ K. (10)
Theorem 1: C is a (K,NL,NZ − N) “quasi-ZCZ” CR
sequence set, i.e., for any i 6= j,
Rci,cj (τ) = 0, |τ | < NZ −N. (11)
In addition, each sequence in C satisfies the spectrum hole
constraint Ω and with
Rci (τ) =
{
L · Cbi (τ) , |τ | < N ;
0, N ≤ |τ | < NZ −N. (12)
Proof: By (5), the PCCF between ci and cj can be written
as
Rci,cj (τ) = Rai,aj (l)Cbi,bj (n)
+Rai,aj (l + 1)Cbi,bj (n−N) ,
(13)
Spectrum hole constraint
Available Subcarriers Unavailable Subcarriers
Frequency (Subcarriers)
T
im
e 
(t
im
e 
sl
o
ts
)
The jth sequence
1 0
i ia P
1 1
i ia P
1
i i
ka P 1 1
i i
Na P −
0
i i
la P 1
i i
la P
i i
l ka P 1
i i
l Na P −
1 1
i i
L Na P− −1
i i
L ka P−1 1
i i
La P−1 0
i i
La P−
0 0
j ja B 0 1
j ja B
0
j j
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j j
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T
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e 
(t
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e 
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o
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The ith sequence
0 0
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Fig. 2: Time-frequency lattice of ci and cj .
where l = ⌊τ/N⌋, n = (τ mod N). For |τ | < NZ − N ,
we have |l| < |l + 1| ≤ Z − 1 and therefore, by the zero
cross-correlation zone property of {ai}Ki=1,
Rai,aj (l) = Rai,aj (l + 1) = 0, i 6= j. (14)
Hence, for i 6= j, we have Rci,cj (τ) = 0 for |τ | < NZ −N .
It follows that C is a sequence set of ZCCZ width of NZ−N .
On the other hand, if i = j, (13) is reduced to
Rci (τ) = Rai (l)Cbi (n) +Rai (l + 1)Cbi (n−N) . (15)
By the zero auto-correlation zone property of {ai}Mi=1, one can
readily show that (12) is true. In the end, since each sequence
can be written as
cTi =
[
ai0(FHNBi)T, ai1(FHNBi)T, · · · , aiL−1(FHNBi)T
]
, (16)
where Bi is the ith frequency-domain sequence subject to Ω.
It follows that each sequence in C also satisfies the spectrum
hole constraint Ω, thus completing the proof.
Note that the idea of the proposed construction is to assign
every user a specific ZCZ sequence which is spread over all
available subcarrier channels, followed by the inverse Fourier
transform specified by the corresponding frequency-domain
sequence Bi. Removing away the IDFT matrix FN in (16),
every sequence (say, ci) can be decomposed in time- and
frequency- domains as shown in Fig. 2. For instance, ailBim is
assigned as the sequence element at the lth time-slot and the
mth subcarrier channel, thus forming a time-frequency lattice
of ci. Because of this, the proposed construction is sometimes
also referred to as a “time-frequency synthesis”. To show
the spectrum hole constraint specified by Ω, these columns
corresponding to the unavailable spectral bands (occupied by
the primary users) are nulled (denoted as “0” in Fig. 2).
Furthermore, we have the following remarks.
1) Different from the CR sequences (i.e., {w1,w2}) in
Example 1 (where every CR sequence consists of one
frequency-domain sequence only), each of our proposed
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quasi-ZCZ CR sequences is a concatenation of multiple
frequency-domain sequences.
2) The strength of our proposed construction is that
the resultant sequence set has ZCCZ (which enables
interference-free CR-CDMA communications), regard-
less of any spectrum hole constraint (thanks to the
Kronecker sequence property). Therefore, the barrier of
the spectrum hole constraint, which prevents conven-
tional sequences with good correlations from finding
applications in CR-CDMA systems, is fixed.
3) To support more CR-CDMA users, it is desirable to
employ a bound-achieving “seed” ZCZ sequence set,
i.e., {ai}Ki=1 with sequence parameters of (K,L,Z),
for the construction of the proposed (K,NL,NZ−N)
quasi-ZCZ CR sequence set. For a polyphase ZCZ se-
quence set, it is known that K ≤ ⌊L/Z⌋ [22]. A bound-
achieving polyphase ZCZ sequence set constructed from
the generalized Chirp-like sequences was presented in
[23]. However, for a binary ZCZ sequence set, it is
widely believed that K ≤
⌊
L
2(Z−1)
⌋
where Z ≥ 3 [12].
We will show that the “seed” binary ZCZ sequence set
in Example 2 satisfies the latter set size upper bound.
Example 2: Let S = [114,06,120,08,116]T be the subcar-
rier marking vector. Thus,
Ω = {14, 15, · · · , 19} ∪ {40, 41, · · · , 47}. (17)
Define {Bi}Ki=1 with K = 4 and sequence length N = 64,
where
Bi = [B
i
0, B
i
1, · · · , Bik, · · · , BiN−1]T
Bik =
{
exp
(
−√−1piuik2
N
)
, k ∈ {0, 1, · · · , 63} \ Ω,
0, k ∈ Ω
(18)
and (u1, u2, u3, u4) = (3, 5, 7, 9). Note that if the spectrum
hole constraint is removed, each Bi will become a Zadoff-Chu
sequence5. The time- and frequency- domain magnitudes, and
the AACF of b1 = FH64B1 are shown in Fig. 3-a. It turns out
that the PAPR (i.e., equals to 4.1dB) and the maximum out-of-
phase AACF (i.e., equals to 0.2131) may be unacceptable for
practical applications. As such, we will present an algorithm
in Section III.B to further optimize the PAPR and the AACF.
Consider a (K,L,Z) = (4, 16, 3) binary ZCZ sequence set
below
a1 = [1, 1,−1, 1, 1, 1,−1, 1,−1,−1,−1, 1,−1,−1,−1, 1]T ,
a2 = [−1,−1, 1,−1, 1, 1,−1, 1, 1, 1, 1,−1,−1,−1,−1, 1]T ,
a3 = [1,−1,−1,−1, 1,−1,−1,−1,−1, 1,−1,−1,−1, 1,
−1,−1]T ,
a4 = [−1, 1, 1, 1, 1,−1,−1,−1, 1,−1, 1, 1,−1, 1,−1,−1]T .
Applying our proposed construction in (10), a (K,NL,NZ−
N) = (4, 1024, 128) “quasi-ZCZ” CR sequence set {ci}Ki=1 is
obtained. To see this, the PACF of c4 and the PCCF between
5Zadoff-Chu sequences are used here for easy repetition of the proposed
quasi-ZCZ CR sequences. In practice, {Bi}Ki=1 can be random sequences
which satisfy the spectrum hole constraint.
c1 and c4 are shown in Fig. 3-b. One can see that c1 and c4
have ZCCZ of width 128, thus (11) is verified. Similarly, one
can verify (12).
B. Proposed Algorithm for CR Sequences with Low PAPR and
Low AACF
In this subsection, we present a numerical algorithm to
further optimize the proposed quasi-ZCZ CR sequences in
Section III.A. An interesting observation is that the cor-
relation properties shown in Theorem 1 will also hold6 if
setting all sequences in B to be identical (say, all equal to
b = [b0, b1, · · · , bn, · · · , bN−1]T). In this case, the PACF of
all sequences for |τ | < N will be fully determined by the
AACF of b (i.e., Cb(τ)), as shown in (12). Also, the CR
sequence b1 (shown in Fig. 3-a) in Example 2 has a large
PAPR value of 4.10dB which is not preferable for higher
energy transmission efficiency. These observations motivate
us to search for a single CR sequence with low PAPR and
(non-trivial) low AACF over |τ | < N .
For simplicity, we suppose ‖b‖22 = N , i.e.,
∑N−1
n=0 |bn|2 =
N . By Parseval’s theorem, we have
‖B‖22 = bHFHNFNb = N, (19)
where B = [B0, B1, · · · , Bk, · · · , BN−1]T. To optimize the
AACF of b, we recall the key idea of the CAN (cyclic
algorithm new) in [24] proposed by Stoica et al: the correlation
sidelobes of b vanish if the 2N -point DFT of [bT,0N ]T have
identical magnitude of 1/
√
2. Hence, a CR sequence b with
low AACF sidelobes can be obtained by solving the following
problem:
min
B,P
J1(B,P) =
∥∥∥∥F2N
[FHNB
0TN
]
−P
∥∥∥∥2
2
,
s.t. (1) : Bk = 0 if k ∈ Ω;
(2) : |Pk| = 1√
2
, k = 0, 1, · · · , 2N − 1,
(20)
where P = [P0, P1, · · · , P2N−1]T.
On the other hand, to optimize the PAPR of b, we wish to
solve the following problem:
min
B,p
J2(B,p) =
∥∥FHNB− p∥∥22 ,
s.t. (1) : Bk = 0 if k ∈ Ω;
(2) : |pk| = 1, k = 0, 1, · · · , N − 1,
(21)
where p = [p0, p1, · · · , pN−1]T.
By introducing a penalty factor λ ∈ [0, 1] which controls
the relative weighting of J1 and J2, our optimization problem
can now be formulated as follows:
min
B,P,p
J (B,P,p) = λJ1(B,P) + (1 − λ)J2(B,p),
s.t. (1) : Bk = 0 if k ∈ Ω;
(2) : |Pk| = 1√
2
, k = 0, 1, · · · , 2N − 1;
(3) : |pk| = 1, k = 0, 1, · · · , N − 1.
(22)
6Except for the out-of-zone auto- and cross- correlations for |τ | ≥ NZ−N .
IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. XX, NO. X, MONTH YEAR 6
0 10 20 30 40 50 60
0
0.5
1
1.5
k
0 10 20 30 40 50 60
0
1
2
3
n
10 20 30 40 50 60
0
0.5
1
τ
PAPR=4.1dB
Max. AACF=0.2131
4 k
B
4 nb
(
)
4
C
τ
b
(a) Time- and frequency- domain magnitudes, and AACF of b4.
−512 −384 −256 −128 0 128 256 384 512
0
0.2
0.4
0.6
0.8
1
τ
−512 −384 −256 −128 0 128 256 384 512
0
0.1
0.2
0.3
0.4
0.5
τ
ZCCZ
PCCF
PACF
(
)
,
R
τ
1
4
c
c
(
)
R
τ
4
c
(b) PACF of c4 and PCCF between c1 and c4.
Fig. 3: Correlation plots for the quasi-ZCZ CR sequences constructed in Example 2.
To solve the minimization problem in (22), our proposed
algorithm is given as follows.
1) First, find the power spectrum of b, i.e., β =
[|B0|2, |B1|2, · · · , |BN−1|2]T. Note that a necessary
condition for b to have uniformly low AACF is that
it should also have uniformly low PACF. Therefore,
we consider to generate a CR sequence (say, bˆ) with
uniformly low PACF and apply the power spectrum
of bˆ as a suboptimal solution of β. By utilizing the
Wiener-Khinchin Theorem that the power spectrum and
the PACF form a Fourier transform pair, as shown in
[18], we have
Rb(τ) =
√
NFN (τ, :)β, τ ∈ {1, 2, · · · , N−1}, (23)
where FN (τ, :) denotes the τ th row sequence of FN .
Thus, our task can be transformed to solving the follow-
ing mini-max problem:
min
β
max
1≤τ≤N−1
|FN(τ, :)β|
s.t. (1) : Bk = 0 if k ∈ Ω;
(2) :
N−1∑
k=0
|Bk|2 = N.
(24)
2) Then, apply the Gerchberg-Saxton (GS) algorithm [25]
to find the optimal phases of B,P,p, denoted by
ψB = [ψ
B
0 , ψ
B
1 , · · · , ψBN−1]T,
ψP = [ψ
P
0 , ψ
P
1 , · · · , ψP2N−1]T,
ψp = [ψ
p
0 , ψ
p
1 , · · · , ψpN−1]T
respectively. Note that the GS algorithm is guaranteed
to converge and has been widely used in [18], [24] and
[26].
a) Initialize the values of ψB, ψP, ψp which can be,
say, some random numbers over [0, 2pi). Also,
initialize λ depending on the priorities of PAPR
and AACF, e.g., λ is set to be a larger value over
[0, 1] if AACF has a higher priority.
b) Fix B, choose
ψP = arg
{
F2N
[FHNB
0TN
]}
and ψp = arg
{
FHNB
}
(25)
for minimum value of J in (22).
c) Fix P and p, choose
ψB = arg
{
λFN pˆ+ (1− λ)FNp
}
, (26)
where pˆ denotes the first N elements of FH2NP,
for minimum value of J in (22). This is because
finding the minimum of J in this case is equivalent
to minimizing the following term.
J (1) = λ
∥∥∥∥
[FHNB− pˆ
pˇ
]∥∥∥∥2
2
+(1−λ)∥∥FHNB− p∥∥22 ,
where pˇ denotes the second N elements of FH2NP.
Since P is fixed (so is pˇ), finding the minimum of
J (1) is equivalent to minimizing
J (2) = λ
∥∥FHNB− pˆ∥∥22 + (1− λ)∥∥FHNB− p∥∥22 .
ψB in (26) follows by solving minB J (2).
Repeat steps b) and c) iteratively until a pre-set termi-
nation condition is met, e.g.,∥∥∥B(i) −B(i−1)∥∥∥ < ε = 10−5,
where B(i) denotes the frequency-domain sequence B
obtained after the ith iteration.
The flow chart of our proposed algorithm is given in Fig.
4.
Example 3: Applying our proposed algorithm and using
the same spectrum hole constraint in Example 2, two CR
sequences (which have penalty factors of λ = 0.15 and
λ = 0.95, respectively) are shown in Appendix A. Similar
to Fig. 3-a, the time- and frequency- domain magnitudes, and
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Fig. 5: A comparison of two CR sequences (with different λ) obtained by the proposed algorithm.
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Fig. 4: Flow chart of our proposed algorithm for CR sequences
with low PAPR and low AACF.
their AACF of these two CR sequences are shown in Fig. 5.
It is seen that the CR sequence with λ = 0.15 displays almost
flat time-domain magnitudes, giving rise to a PAPR of 1.10dB
and maximum out-of-phase AACF magnitude (normalized) of
0.1377. In contrast, when λ is increased to 0.95, the maximum
out-of-phase AACF magnitude (normalized) is reduced to
0.1069 accordingly, whereas its PAPR is increased to 3.60dB.
This shows the tradeoffs between the PAPR and the AACF.
Also, these two CR sequences are superior if compared with
the CR sequence b4 in Example 2, which has PAPR of 4.10dB
and maximum out-of-phase AACF magnitude of 0.2131.
Example 4: Consider the spectrum hole constraint below
which is used in IEEE 802.11a to specify the nulled DC-
subcarrier and guard bands.
Ω = {0} ∪ {27, 28, · · · , 37}. (27)
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Fig. 6: A comparison of the PAPR-AACF suppression capa-
bilities between the proposed algorithm and the algorithm in
[18, Section IV].
Applying Ω in (27), we show in Fig. 6 a tradeoff comparison
of our proposed algorithm and that in [18, Section IV] for
their capabilities in suppressing the PAPR and the AACF. To
do this, we simulate the cases for λ = i/1000, where i ranges
over [0, 1, · · · , 1000]. One can see that our proposed algorithm
gives rise to a higher probability of lower PAPR and lower
maximum out-of-phase AACF.
Remark 3: Compared with the algorithms in [17], an advan-
tage of our proposed algorithm is that it leads to CR sequences
with zero spectral leakage over the spectrum holes, as seen
from the top two subplots for |Bk| in Fig. 5. Also, compared
with the algorithm in [18, Section IV], our proposed algorithm
is more effective in suppressing the PAPR and the AACF, as
shown in Example 4.
Before we close this section, we present below some
comments on the complexity of our proposed quasi-ZCZ CR
sequence construction including the optimization algorithm.
IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. XX, NO. X, MONTH YEAR 8
Remark 4: Our proposed quasi-ZCZ CR sequence con-
struction consists of two essential steps: seed sequence selec-
tion followed by numerical optimization. In the seed sequence
selection step, a (K,L,Z) “seed” ZCZ sequence set is needed,
but this is easy because there are abundant choices available
in the literature for ZCZ sequences [9][10]. Therefore, to
construct our proposed quasi-ZCZ CR sequences of length
LN , we have a L-times optimization complexity reduction
over [17] and [18, Section IV] because our overall complexity
is mainly determined by the second numerical optimization
step to be performed on a CR waveform of length N , while
[17] and [18, Section IV] need to perform numerical opti-
mization over the entire length LN . In addition, compared
to the algorithm in [18, Section IV] which has to solve
a relaxed non-convex optimization problem, our proposed
algorithm is convex in nature and can be easily solved by
some optimization tools, such as CVX, Matlab, etc. In short,
the low complexity feature of our proposed quasi-ZCZ CR
sequence construction will be useful in a CR channel with
dynamic spectrum hole constraint.
IV. A CR-CDMA SCHEME BASED ON THE PROPOSED
QUASI-ZCZ SEQUENCES
In this section, we present a CR-CDMA scheme which uses
the proposed quasi-ZCZ CR sequence set. Multipath fading
channels are considered, each modeling as a discrete-time
finite impulse response filter, i.e., h[n] =
∑Tmax
τ=0 hτδ[n − τ ],
where δ[n] and Tmax denote the discrete Dirac pulse and the
maximum channel delay, respectively. For every transmitter in
a CR-CDMA, a cyclic prefix (CP), which is a repetition of
the last Tg ≥ Tmax samples in a data block7, is inserted at
the beginning of each data block, as shown in Fig. 7. This
is to maintain the periodic correlations of the proposed quasi-
ZCZ CDMA sequences in quasi-synchronous multipath fading
channels.
Let us consider a quasi-synchronous K-user CR-CDMA
system where every user is assigned a specific spreading
sequence constructed in (10). After passing through an asyn-
chronous multipath fading channel, the received signal vector
of the ith user after removing the CP is given by
ri =
K∑
j=1
Tmax∑
p=0
hi,jp djT
p(cj) + ni, (28)
where hi,jp is the pth channel coefficient between the ith and
jth users, and dj is the data symbol of the jth user. Suppose
that the ith user is the user of interest in the receiver. Carrying
out the despreading by the local reference sequence ci, we
7In this paper, a data block refers to a data symbol spread by a signature
sequence in a CR-CDMA system.
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Fig. 7: Block diagram of the proposed CR-CDMA system.
have
< ri, ci > =
K∑
j=1
Tmax∑
p=0
hi,jp dj 〈T p(cj), ci〉+ 〈ni, ci〉
=
Tmax∑
p=0
hi,ip diRci (p)︸ ︷︷ ︸
MPI
+
K∑
j=1,i6=j
Tmax∑
p=0
hi,jp djRcj ,ci (p)︸ ︷︷ ︸
MUI
+ 〈ni, ci〉︸ ︷︷ ︸
Noise
,
(29)
where the first term and the second term in the second
step of (29) represent multipath interference (MPI) and MUI,
respectively.
Remark 5: Note that the MUI from the jth user can be
completely eliminated if
Rcj ,ci (p) = 0, p ∈ [0, Tmax]. (30)
Clearly, this can be ensured if we have
Tmax ≤ NZ −N, (31)
by recalling the cross-correlation property of the proposed
quasi-ZCZ CR sequences shown in (11). In short, the proposed
scheme provides MUI-free performance provided that the
maximum channel delay is not greater than the ZCCZ width.
Furthermore, when (31) is satisfied, (29) can be simplified
to
< ri, ci >= di ·
Tmax∑
p=0
hi,ip Rci (p)︸ ︷︷ ︸
MPI
+ 〈ni, ci〉︸ ︷︷ ︸
Noise
. (32)
As a result, the proposed scheme transforms the multiple
access problem in CR-CDMA to a traditional single-user
spread-spectrum problem over multipath fading channel. To
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exploit the multipath diversity, a maximal-ratio combining
(MRC) based RAKE receiver is employed, as shown in Fig. 7.
V. SIMULATION RESULTS
In this section, we evaluate the proposed CR-CDMA system
performance. The main objective is to show the interference-
free achievability of the proposed CR-CDMA in quasi-
synchronous cognitive radio network (CRN) with multipath
fading channels. To this end, two other spreading-based CRNs
are considered for comparison purpose, i.e., non-contiguous
multicarrier-CDMA (MC-CDMA) [27], [28] and transform
domain communication system (TDCS) [29]-[32]. In partic-
ular, by adopting the baseband symbol modulation scheme
called cyclic code shift keying (CCSK) [33], a TDCS is ca-
pable of providing reliable communications with low spectral
density using spectral nulling and frequency domain spreading.
Simulation settings for the three CRNs (each consisting of four
or more CR users) are shown in Table I.
We also examine the near-far resilience of the three CRNs.
In CDMA communications, the “near-far effect” refers to a
phenomenon that the desired user signal is overwhelmed by
the interfering user signals from within a region which is closer
to the receiver. We will show that the proposed quasi-ZCZ CR
sequences give rise to “near-far immune” CR-CDMA systems,
in contrast to “near-far sensitive” MC-CDMA and TDCS.
Let Ek (1 ≤ k ≤ K) be the received signal energy of the
kth user. Denote by NF i,j = Ej/Ei the ”near-far factor”
between the jth user (an interfering user) and the ith user
(the desired user), where i 6= j. In addition, whenever the
subscript is omitted, unless other specified, a near-far factor
of NF means that all interfering users have identical signal
energy of EiNF .
A. BER Performance in Quasi-Synchronous Multipath Fading
Channels
To evaluate the BER performance in quasi-synchronous
multipath fading channels, a CP length of 1/4 (relative to
the total data block duration) is adopted for the above three
CRNs. For a MC-CDMA system, the one-tap equalizer, i.e.,
minimal mean square error frequency-domain equalization
(MMSE-FDE), is used in the receiver. Zadoff-Chu sequences
and polyphase random sequences are considered. For a CR-
CDMA system, MRC-RAKE receiver is used to exploit the
multipath diversity. It is seen from Fig. 8 that the single-user
BER performance is achieved by the proposed CR-CDMA for
NF = 10dB, indicating that the proposed CR-CDMA is near-
far immune. In contrast, the BER gap between MC-CDMA (or
TDCS) and the single-user case grows larger for increasing
SNR (denoted by Eb/N0) because in this case the MUI
becomes dominant. This result shows that both MC-CDMA
and TDCS are near-far sensitive owing to the non-zero MUI.
Note that for MC-CDMA, the BER curves using Zadoff-Chu
sequences and polyphase random sequences are very close.
This is because the spectral nulling destroys the orthogonality
of Zadff-Chu sequences, resulting in a correlation property like
that of a random sequence. It is noted that our proposed CR-
CDMA system features an MRC-RAKE receiver structure and
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Fig. 8: BER performance of CR-CDMA (proposed), MC-
CDMA and TDCS in quasi-synchronous multipath fading
channels
thus it is capable of achieving multipath diversity which cannot
be achieved by an (uncoded) OFDM system. Specifically, the
average BER is determined by n-order diversity combining
(where n is the number of uncorrelated channel paths) [34]
and is inversely proportional to the MPI determined by the
sum of multipath tap gain weighted by the PACF sidelobe [as
shown in (32)].
B. BER Performance versus MUI
In this part, we evaluate the BER performance versus MUI.
Fig. 9-a shows the effect of different near-far factors on the
BER performances of the three spreading-based CRNs with
K=4 and the near-far factor NF ranging from 0dB to 20dB.
It is seen that the BER performance of MC-CDMA (or TDCS)
degrades rapidly as NF increases. For example, the BER
performance of MC-CDMA degrades from 10−3 to 10−1 when
NF changes from 0dB to 20dB. In contrast, the BER curve of
the proposed CR-CDMA agrees very well with the single-user
one even at a large NF region, further verifying the near-far
immunity of CR-CDMA.
Fig. 9-b demonstrates the effect of number of users to the
BER performance, where NF=10dB. We employ a bound-
achieving “seed” ZCZ sequence set [23] with K = 16 so
as to support up to 16 users. In addition, a practical CR
channel scenario with four spectrum holes and 50% available
subcarriers is considered. It is clear that the BER performance
of the proposed CR-CDMA is insensitive to the number of
users due to zero cross-correlation in the zone, whereas both
the MC-CDMA and TDCS systems suffer from increased MUI
(leading to severe BER degradation) for increasing number of
users. For practical decentralized CRNs, such as CR Ad-hoc
wireless sensing networks where near-far problem commonly
exists, our proposed CR-CDMA is superior as it is near-far
immune and does not require a costly power control loop.
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TABLE I: Simulation Settings for Three Spreading-Based CRNs
Parameters MC-CDMA MC-CDMA TDCS [30] CR-CDMA (Proposed)
Spreading codes Zadoff-Chu Polyphase Random Polyphase Pseudo-Random Quasi-ZCZ (Proposed)
Codes of length 1024 1024 1024 1024 (L = 16, N = 64)
Orthogonality No No No Yes
Modulation QPSK QPSK CCSK QPSK
Receiver MMSE-FDE MMSE-FDE MMSE-FDE MRC-RAKE
Channels COST207RAx6 [35]
Entire bandwidth 10MHz
Unavailable bands 2.5∼3.75 MHz and 6.25∼7.5 MHz
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Fig. 9: BER performance versus multiuser interference for CR-CDMA (proposed), MC-CDMA and TDCS, where Eb/N0 =
10dB.
C. Spectrum Sensing Mismatch
Denote by
ST =
[
ST0 , S
T
1 , · · · , STN−1
]T
,
SR =
[
SR0 , S
R
1 , · · · , SRN−1
]T
,
the subcarrier marking vectors detected by the transmitter and
the receiver, respectively. In practice, channel uncertainties
may lead to spectrum sensing mismatch between transmitter
and receiver [35], i.e., ST 6= SR. To quantify the spectrum
sensing mismatch, we define the correlation coefficient η [36]
as follows,
η =
STTSR
‖ST ‖ ‖SR‖ . (33)
In particular, the perfect spectrum sensing is referred to if η =
1, i.e., ST = SR. Otherwise, the spectrum sensing mismatch
occurs.
Fig. 10 shows the BER performances of CR-CDMA for η ∈
{87%, 89%, 92%, 96%}. Specifically, for η ∈ {87%, 89%},
we used a CR channel setting with four spectrum holes and
50% available subcarriers, whereas for η ∈ {92%, 96%}, we
used two spectrum holes and 75% available subcarriers. For
analysis, we study the Eb/N0 loss (compared to that of the
perfect spectrum sensing case with η = 100%) at BER = 10−3.
One can see that the BER curves for η = 96% and 92%
are very close to that of the perfect spectrum sensing, with
only 0.15dB and 0.4dB Eb/N0 loss, respectively. As expected,
the BER performance is degraded gradually as η decreases.
This is because smaller η leads to less effective signal power
captured by the receiver. For instance, there is 2dB Eb/N0 loss
in the case of η = 87%. In contrast, when non-continuous
OFDM (NC-OFDM) [4] is used, the BER curves under the
same η settings show very high error floors at all Eb/N0
levels, indicating that it is very sensitive to spectrum sensing
mismatch. Therefore, our proposed CR-CDMA system is more
robust against modest spectrum sensing mismatch.
VI. CONCLUSIONS
To achieve interference-free CR-CDMA communications,
a design barrier is the spectrum hole constraint in the CR
channel, which renders traditional ZCZ sequences unusable
because the ZCZ correlation property of the ZCZ sequences
will be destroyed by spectral nulling. Motivated by this, we
have presented in Section III.A the systematic construction
of a novel (K,NL,NZ − N) quasi-ZCZ CR sequence set
with set size K , length NL, and whose every pair of distinct
sequences has zero cross-correlation zone (ZCCZ) width of
NZ − N . The key idea in the proposed construction is to
perform the Kronecker product of a (K,L,Z) ZCZ sequence
set8 and a waveform set (each of length N ) which satisfies
spectrum hole constraint. Due to the property of Kronecker
8where K denotes the set size, L the sequence length, and Z the ZCZ
width.
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the case of spectrum sensing mismatch
product, the ZCCZ property of our proposed CR sequences
is guaranteed to hold for any spectrum hole constraint (which
may vary with time and location).
We have also presented a numerical optimization algorithm
to further optimize the proposed CR sequences to have low
PAPR and low AACF simultaneously. Our optimization algo-
rithm takes advantage of the property that a sequence with
low AACF also possesses low PACF. This leads to simplified
convex optimization, instead of the non-convex optimization
which is necessary in [18, Section IV].
The proposed CR sequences possess zero cross-correlation
zone and near-zero auto-correlation zone property, hence they
are called “quasi-ZCZ”. Computer simulations of these quasi-
ZCZ sequences show that they are effective in achieving
MUI-free and near-far resistant CR-CDMA system in quasi-
synchronous multipath fading channels. Compared to non-
contiguous OFDM which does not perform spreading, the
proposed CR-CDMA is also more robust to spectrum sensing
mismatch. Possible future works of this research include:
1) No channel coding is considered in this paper. Chan-
nel coding is expected to reduce the spreading factor
(sequence length) of CR-CDMA system but provide
error correction. It will be interesting to investigate
the optimum [code rate, spreading factor] pair of the
proposed CR-CDMA system under different channel
conditions.
2) A recent hot research topic in sequence design is Go-
lay complementary pairs (GCPs) [37],[38] and comple-
mentary sequences [39],[40]. To design complementary
sequence sets with large set size, “quasi-complementary
sequence sets (QCSS)” with low correlations have been
proposed [41]-[43]. It will be interesting if “complemen-
tary CR sequences” can be designed. Here, “comple-
mentary CR sequences” refer to a set of two-dimensional
matrices with zero/low correlation sums when sub-
jected to identical row nulling (corresponding to spectral
nulling). Compared to complex-valued CR sequences,
we expect the complementary CR sequences to have a
smaller alphabet size.
APPENDIX A
TWO CR SEQUENCES OBTAINED FROM OUR PROPOSED
ALGORITHM
For ease of presentation, denote by |b| and arg{b} the
magnitude vector and the phase vector (in radian) of b,
respectively. Also, each vector is arranged in a matrix form.
Therefore, to get |b| (which is a column vector), for instance,
just read out its corresponding matrix row by row, followed
by the transpose operation.
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